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A Theoretical Model for Resonant Frequency and
Radiation Pattern on Rectangular Microstrip Patch

Antenna on Liquid Crystal Substrate
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Abstract— This paper presents a theoretical model of the
rectangular-shaped microstrip patch antennas on liquid crys-
tal (LC) substrates in order to accurately derive the resonant
frequencies and radiation performances. The model is based on
the solution of the mode matching about an LC loaded cavity. The
calculation results of the theoretical model are compared with
the experiment and simulation results. The discrepancy between
calculation and simulation results is merely 2.7%. In addition,
a tuning mechanism of the patch antenna on the LC substrate
is verified depending on the strength of a biasing voltage. The
calculated results of the theoretical model indicate that the
resonant frequency is shifted toward lower direction and 3-dB
beamwidth of radiation pattern increases as the bias voltage
increases. Although the calculated maximum directivity decreases
with the increment of voltage, the realized gain increases due to
the radiation efficiency of the antenna.

Index Terms— Liquid crystal (LC) devices, microstrip anten-
nas, modeling, reconfigurable antennas.

I. INTRODUCTION

W ITH the development of wireless communication,
the study about microstrip patch antenna has been

rapidly developed and published, because the patch antenna
has attractive features. However, the narrow bandwidth charac-
teristic of patch antenna became the main problem for practical
use. To overcome the disadvantage, the reconfigurable patch
antenna based on the liquid crystal (LC) substrate is suggested
because LC has anisotropic dielectric constant, birefringence,
and ability to change the dielectric properties depending on
the dc bias voltage [1], [2].

Recently, experiment and simulation results of LC-based
patch antenna have been introduced in [3]–[9]. A recon-
figurable patch antenna based on the E-7 type LC sub-
strates was proposed in [3]. They obtained the measured
and simulation results using the effective dielectric proper-
ties. Martin et al. [4], [5] introduced the reconfigurable and
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miniaturized antennas using two-kinds of LC materials. They
acquired the 3% tuning ability and the 39% miniaturization.
By using the anisotropic and alterable features of the LC,
the LC-based patch antenna was analyzed from the simulation
results [6], [8].

Unfortunately, although some experiment and simulation
results were studied, it is very important and difficult to
explain theoretically the tuning mechanism of the antenna
with such a bias direction. To analyze the performance of
the antenna on the anisotropic substrate, the minimum num-
ber of numerical and simulation models were proposed in
[10]–[12] and [17]–[19]. Bouttout et al. [11] proposed the sta-
tistic equation of the patch antenna on the anisotropic material
based on the well-known Galerkin procedure of the moment
method. However, the statistic equation did not contain the
influence of the substrate thickness. To derive the accurate
simulation results, some research team [12] introduced the
permittivity tensor model of the antenna based on the solution
of Poisson’s equation coupled to a nonlinear partial differ-
ential equation describing the orientation of the directors in
a nonhomogeneous electric field. Perez-Palomino et al. [17]
also introduced the electromagnetic modeling for an accurate
analysis of reconfigurable reflect-array cells based on the LC.
By considering the nonuniform bias fields, they obtained the
accurate simulation results.

Although the LC-based patch antenna was analyzed by the
numerical method, the practical and simple theoretical model
is required in order to design and use the antenna for practical
purpose. However, in the patch antenna on the LC substrate
case, only a theoretical model of the isotropic case was used
by applying the effective permittivity instead of the anisotropic
properties [8], [9]. The isotropic theoretical model was not able
to analyze the LC-based patch antenna, precisely. Therefore,
a new formula containing the anisotropic property of the LC is
required for an accurate design of the antenna and determines
the resonant frequencies as well as the radiation performances
of the patch antenna on the LC substrate.

In this paper, we propose an analytical model to predict
the frequency response and radiation performances of the
patch antenna on the LC substrate. The model is based on
the solutions of mode matching about an anisotropic medium
loaded cavity. A formula to calculate the resonant frequency
of the patch antenna for the TM modes is presented, which
considers the effective dimension considering fringing effect.
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This method can predict the effect of the anisotropic properties
of LC on a resonant frequency of the antenna. To validate
the proposed approximate analysis, the calculated results were
compared with the measured results in [3]–[7]. In addition, for
the first time, the radiation patterns and maximum directivity
of the anisotropic patch antenna are calculated using the
equivalence theorem. The theoretical results of radiation per-
formances are well matched with the measured and simulation
results.

II. THEORETICAL DERIVATIONS

The LC has a permittivity tensor due to different molecule
orientations depending on its axes. First, the definition of the
wave equation and field component of the anisotropic material
was done to obtain the characteristic equations of the patch
antenna on the LC substrate. When the bias voltage is applied
to the z-axis, the permittivity tensor [ε] is indicated as

[ε] =
⎡
⎣
ε⊥ 0 0
0 ε⊥ 0
0 0 εz

⎤
⎦ (1)

where ε⊥ and εz are the perpendicular and parallel permittivity
at bias direction (z-axis), respectively.

Using Maxwell’s equations considering the permittivity
tensor, wave equations about electric scalar potential, ψe, and
magnetic scalar potential, ψm , can be obtained, respectively,
as follows:

⎧⎨
⎩

∇2ψe −
(

1 − εz

ε⊥

)
d2ψe

dz
+ k2

0εzμrψe = 0

∇2ψm + k2
0ε⊥μrψm = 0

(2)

where k0 = ω
√
ε0μ0 = (2π/λ0) = (2π f0/c) and ∇2 is the

Laplacian.
The electric and magnetic fields within the uniaxial material

are given in terms of ψe and ψm by

Ex = − jωμ0μr
dψm

dy
+ εz

ε⊥
d2ψe

dxdz

Ey = jωμ0μr
dψm

dx
+ εz

ε⊥
d2ψe

dydz
Ez = k2

eψe

Hx = d2ψm

dxdz
+ jωε0εz

dψe

dy

Hy = d2ψm

dydz
− jωε0εz

dψe

dx
Hz = k2

mψm

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(3)

where k2
m = k2

0ε⊥μr − k2
z , k2

e = (εz/ε⊥)k2
m = k2

0εzμr −
(εz/ε⊥)k2

z , and km and ke are the transverse wave numbers.

A. Resonant Frequency of Rectangular Patch

The structure of rectangular patch antenna on the LC
substrate is shown in Fig. 1(a). The rectangular microstrip
patch antennas resemble anisotropic dielectric-loaded cavities
as shown in Fig. 1(b) and only the TM mode will be excited
within the cavity [13]. In case of the cavity that comprises
the top-bottom PEC walls and side PMC walls as shown

Fig. 1. Geometry of patch antennas of LC substrates. (a) Rectangular patch
antenna. (b) Theoretical cavity model.

in Fig. 1(b), the boundary conditions of the cavity of the
rectangular patch are

Ey|z=0 = Ey|z=h = 0

Hy|x=0 = Hy|x=a = Hx |y=0 = Hx |y=b = 0. (4)

The general solution of (2), which satisfies the aforemen-
tioned boundary conditions (4), can be written as

ψe = Acos(kx x)cos(ky y)cos(kzz) (5)

where

kx = mπ

W
, ky = nπ

L
, kz =

√
εz

ε⊥
lπ

h
; m, n, l = 0, 1, 2, · · ·

and A is the scalar amplitude.
All field components inside the anisotropic material that

has permittivity tensor can be computed by substituting the
scalar potential (5) by (3). Importantly, based on the z-axis
boundary condition of (4), EZ -field component has to be
vanished at z = 0 and z = √

ε⊥/εzh, because the z-
direction wavenumber kz is

√
εz/ε⊥(lπ/h). When considering

the rectangular patch located at z = h, the effective height of
patch antenna in the anisotropic material can be represented
as

he =
√
ε⊥
εz

h. (6)

Since the wavenumber kx , ky , and kz are subject to the
constraint equation as follows:

k2
x + k2

y + εz

ε⊥
k2

z =
(mπ

W

)2 +
(nπ

L

)2 +
(

lπ

he

)2

= ω2εzμ.

(7)



KIM et al.: THEORETICAL MODEL FOR RESONANT FREQUENCY AND RADIATION PATTERN 4535

Considering the Fringing effect, the effective dimensions of
patch antenna are larger than that of the practical dimensions
of the patch antenna. In the case of dominant mode, effective
dimension, We and Le, may be represented as follows [15]:⎧⎨

⎩
We = W

Le = L + 2�L = L[1 + δ(L)]
√
εeLεeW

εz

(8)

where

δ(L) = heff

L

{
0.882 + 0.162 (εz − 1)

ε2
z

+εz + 1

πεz

[
0.758 + ln

(
L

heff
+ 1.88

)]}

εeL ,eW = 1

2

[
(εz + 1)+ (εz − 1)

(
1 + 10heff

L,W

)−0.5
]

εeL ,eW is the substrate effective permittivity [16] as a function
of patch length L and width W .

Finally, using (7) and (8), the resonant frequencies for the
cavity are given by

fmnl = 1

2π
√
εz

√(
mπ

We

)2

+
(

nπ

Le

)2

+
(

lπ

he

)2

. (9)

Using (9), we can estimate not only a dominant mode but also
resonant frequencies of the higher order modes of the patch
antenna. Also, we can conclude that the resonant frequency
is mainly influenced only by the vertical permittivity tensor
component at resonance direction. For example, the resonance
mode in the x- or y-direction is affected by the change of
εz. In addition, the z-direction resonance mode is influenced
by the change of ε⊥. In most case of the microstrip patch
antenna on the LC substrate, the parallel tensor component, εz,
affects resonant frequency predominantly since the z-direction
resonance of patch antenna does not exist at TE mode.
Bouttout et al. [11] verified these results by statistic equation
and approximation formula approach with the limit of small
substrate thickness. On the assumption that substrate thickness
h is extremely small, the anisotropic substrate behaves like
the isotropic substrate with relative permittivity equal to εz.
Therefore, the proposed formula (9) reflects the results of [11]
well. In addition, the effect of the substrate thickness can
be demonstrated by the proposed method. The transverse
permittivity tensor component ε⊥ affects the variation of the
resonant frequency of dominant mode, marginally, because the
effective height he appears on a formula by ε⊥ and εz as shown
in (6). When the substrate becomes thick, the impact of ε⊥
on the resonant frequency increases because TE propagation
waves are also radiated as well as TM waves.

B. Radiation Performance

The fields on the side of the rectangular patch are replaced
with equivalent current sources. The equation about equivalent
current sources from [13] is as follows:

J̄s = n̂ × H̄ , M̄s = Ē × n̂ (10)

where n̂ is a unit normal pointing outward from the
surface.

For the special case of a rectangular patch antenna, electric
surface current source J̄s is zero and considers only magnetic
surface current source M̄s because there are no H-fields on
the surface on the assumption of magnetic wall. Generally,
the patch antenna can be regarded as an antenna system
equivalent to the two-slot model. The radiation pattern is
determined by multiplying the radiated field of a single slot
by an array factor corresponding to the arrangement of a two-
slot array. Based on the electric field components inside the
anisotropic material that are defined from (3) and (5), the total
radiation field in the E-plane of a rectangular microstrip
antenna element operating in the quasi-TM0m0 mode is given
in [15] as

Eθ (θ)|φ=0= −jV0Wk0

(
e− j k0 R

4πR

)
FE (θ) (11)

where

FE (θ) = sin

(
k0he

2
sinθ

) (
k0he

2
sinθ

)−1

AF

with

AF =

⎧⎪⎪⎨
⎪⎪⎩

cos

(
k0 Le

2
sinθ

)
for m = odd order,

jsin

(
k0 Le

2
sinθ

)
for m = even order.

For the H-plane

Eφ(θ)|φ=π/2 = − j V0Wk0

(
e− j k0 R

4πR

)
FH (θ) (12)

where

FH (θ) = sin

(
k0We

2
sinθ

)(
k0We

2
sinθ

)−1

cos(θ)

for m = odd order

where V0 is the voltage across the slot and R, θ, and φ are
the spherical coordinates defined as Fig. 1. When m is even
order, FH (θ) vanishes, theoretically, and the radiation pattern
of the E-plane only can be obtained. The maximum directivity
using (11) and (12) is written by

D0 = 4πU

Prad
= 4π

F(θ, φ)|max∫ 2π
0

∫ π
0 F(θ, φ) sin θdθdφ

(13)

where

F(θ, φ) = |Eφ(θ, φ)|2 + |Eθ (θ, φ)|2.
Maximum gain is expressed as

G0 = ηD0 (14)

where η is the radiation efficiency. The radiation efficiency can
be affected by various factors such as the antenna-matching
problem and material loss.
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Fig. 2. Resonant frequency as function of substrate thickness when
εz changed.

III. ANALYSIS OF RESONANT FREQUENCY

The effects of uniaxial anisotropy on the resonant frequency
are determined as a function of anisotropy ratio (AR = ε⊥/εz).
When the value of ε⊥ is equal to that of εz, AR is 1 as in the
isotropic case. The AR that is above 1 is defined as negative
uniaxial anisotropy, and the AR that is less than 1 is called as
positive uniaxial anisotropy. In the LC case, AR is negative at
no bias condition. When the voltage increases, AR becomes
1 as in the isotropic case at certain bias and is positive at
full-saturated state due to the variable characteristic of LC.

To analyze the effect of permittivity tensor components
on resonant frequency, the dominant mode is calculated by
changing the values of the permittivity tensor components. The
area (W × L) of the rectangular patch antenna is 15×10 mm.
In addition, the accuracy of our calculation results is verified
by comparing with results of [11] that introduced the numer-
ical calculation results of the patch antenna on the uniaxial
substrate. The calculated results of the quasi-TM010 mode of
the patch antenna against normalized substrate thickness are
shown in Figs. 2 and 3, where isotropic, negative uniaxial
anisotropic, and positive uniaxial anisotropic substrates are
considered. Fig. 2 shows the influence of AR by changing
εz and while maintaining ε⊥. When εz increases, the resonant
frequency decreases. As mentioned in Section II, the tensor
component εz influences the resonant frequency significantly,
because the quasi-TM010 mode resonates at the y-axis direc-
tion. However, as the height of the substrate increases, the dis-
crepancy of the resonant frequencies between the positive AR
case and negative AR case reduces, although the effect of εz
still remains. The calculated results of the proposed cavity
model match the numerical results of [11] well. In addition,
our calculated results are in a good agreement with the calcu-
lated results of the isotropic case [10]. With increasing height
of the substrate, the error of calculated results of the negative
uniaxial substrate case compared with [11] increases and max-
imum error is 2.8%. One of the reasons for this discrepancy is
the ambiguity of (8) because the effective dimensions of patch

Fig. 3. Resonant frequency as function of substrate thickness when
ε⊥ changed.

antenna will be changed slightly, depending on the frequency
region. Nevertheless, the reasonable results are achieved using
the proposed method since the error is very slight and the
tendency corresponds to [11] well.

Fig. 3 shows the frequency shifts against substrate thickness
when ε⊥ changes and εz remains constantly. The influence
of ε⊥ on the resonant frequency is insignificant. However,
as the height of the substrate increases, the discrepancy of
resonant frequencies between the positive AR and negative
AR increases at certain substrate thickness. Nevertheless,
the discrepancy at h/L = 0.2 is less than 5%. Therefore,
these influences are trivial and tend to be neglected for lower
substrate thickness. The proposed results, in common with
Fig. 2, are in excellent agreement with the results of [11].
Although the discrepancy between the results of proposed
model and results of [11] also exists, the discrepancy is merely
under 1%, which results from the ambiguity of (8). The effect
of ε⊥ and height of substrate on resonant frequency cannot
be verified by statistic equation of [11], because the equation
assumed that the height of substrate is almost zero. In contrast,
according to our model, the results of effect of ε⊥ and height
of substrate to resonant frequency can be successfully verified.

There have been many experiments about the rectangular
patch antenna on the LC substrate in [3]–[7]. Typically,
the experimental results by Liu and Langley [3] were ana-
lyzed by the proposed model. The relative perpendicular and
parallel permittivity components, ε⊥ and εz, are 3.17 and 2.72,
respectively, which were the experimental data at 30 GHz
in [2] and [1], respectively. Similarly, the corresponding losses,
tanδ⊥ and tanδz, are 0.02 and 0.12, respectively. Based on
the given physical dimensions in [3] and measured material
parameters, the resonant frequencies from (9) were calculated
for various voltage strengths that is varied between 0 and 10 V,
as shown in Fig. 4. As expected, the resonant frequencies
are tuned according to the voltage. As the strength of the
bias voltage increases, the εz increases while ε⊥ decreases.
Therefore, by increasing the voltage, the dominant mode shifts
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TABLE I

SUMMARY OF RESULTS OF REPORTED RESULTS AND PROPOSED RESULTS OF RESONANT FREQUENCIES DEPENDING ON VOLTAGE BIAS

Fig. 4. Antenna resonant frequency versus bias voltage.

to the lower frequencies. The calculated results of the proposed
model depending on the various bias conditions highly agree
with the measured results of [3]. However, some discrepancies
exist. The errors between measured results and calculated
results at 0 and 10 V are 1.5% and 1.8%, respectively.
In addition, the measured tuning range is smaller than the
calculated one. The discrepancies between the measured and
calculated results attribute to the fabrication tolerance, such as
the air gap between the LC substrate and patch antenna. The
simulation results of [3] that are ideal condition correspond
to the calculated results well. The maximum error between
simulation results and calculated results is less than 0.1%.
The simulation results of [12] that attempted to analyze the
antenna by using the numerical model are shown in Fig. 4.
Although the resonant frequency at certain bias condition is
different, the tendency of calculated results of the proposed
model depending on the strength of bias highly corresponds to
the numerical results of [12]. In addition, the calculated results
of the proposed model are more accurate than the simulation
results in [12] compared with Liu’s study [3].

Table I summarizes the experiment results and simulation
results of the rectangular patch antenna on the LC substrate in
the past studies [3]–[7] and calculated results of the proposed
model. Based on the given antenna dimension and material
properties from each paper [1], [2], [14], the theoretical

model (9) is calculated. The calculated values of the resonant
frequency are in excellent agreement with the reported mea-
sured and simulation results. The error between the measured
values and theoretical resonant frequencies occurred fairly
much, arising from 0.7% to 10.5%. As mentioned, the error
arises due to fabrication tolerance. The differences between
reported simulation results and calculated theoretical results
of resonant frequency are only less than 2.78%. Consequently,
it is verified that the proposed model is reasonable enough to
be an established method to find out the resonant frequency
of the LC patch antenna.

IV. ANALYSIS OF RADIATION PERFORMANCE

Radiation performances that are radiation pattern, direc-
tivity, radiation efficiency, and realized gain of antenna are
strongly affected by substrate properties. Radiation efficiency
and realized gain are affected by not only expectable causes
(substrate loss and conductor loss) but also by unexpected
factors (matching problem and fabrication error). In other
words, the radiation efficiency and realized gain cannot be
predicted with complete accuracy due to unexpected variables.
On the other hand, the normalized radiation pattern and
directivity can be derived by solving the proposed formula
from (11) to (13).

When the patch size is 20 × 15 mm (W × L) and height of
substrate is 0.51 mm, the calculated results of the normalized
radiation pattern depending on the variable uniaxial properties
can be shown in Fig. 5. There are two distinct character-
istics to concern. First, the normalized radiation pattern is
not strongly influenced by perpendicular tensor component
ε⊥. The characteristic can be seen in both E-plane and H-
plane. In addition, when the value of εz increases, the 3-dB
beamwidth of radiation patterns increases. The influence of εz
is stronger in the E-plane than in the H-plane. Figs. 6 and 7
show the higher order mode TM020 and TM030, respectively.
In TM020 mode, the null point is generated at θ = 0° because
the two radiating slots have the same magnitude but opposite
phase. Fig. 7 shows the effect of uniaxial properties of LC on
the radiation pattern of TM030 mode. When εz is low(εz = 1.5
and 3), the E-plane contains sidelobe. As shown in Fig. 7(a),
the sidelobe level is reduced with increasing εz. Furthermore,
when εz is 5, the side lobes are vanished at the E-plane.
In other words, the sidelobe of TM030 mode can be adjusted
by εz. Although the sidelobe increases and main lobe decreases
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Fig. 5. Theoretical normalized radiation patterns as function of anisotropic
permittivity of LC. (a) E-plane. (b) H-plane.

Fig. 6. Theoretical normalized radiation patterns of E-plane of TM020 as
function of anisotropic permittivity of LC.

with increasing ε⊥, the influence of ε⊥ on the radiation pattern
is insignificant. At the H-plane of TM030 mode, the 3-dB
beamwidth of the radiation pattern increases with increasing
εz, but ε⊥ cannot influence the radiation pattern much.

Fig. 8 shows the calculated results of the maximum direc-
tivity according to the permittivity tensor properties where
the length of patch and height of substrate that are 15 and
0.51 mm, respectively. As εz increases, the maximum direc-
tivity decreases. The patch antenna on the LC substrate has
a possibility to have a higher realized gain when the voltage
increases, because εz increases with the rise of voltage. How-
ever, as shown in (14), the realized gain is a multiplication
of directivity and radiation efficiency and is hard to predict,
because the radiation efficiency is an unforeseeable factor. The
effect of ε⊥ is very slight and can be neglected. In addition,
as patch size increases, the maximum directivity increases.

Fig. 7. Theoretical normalized radiation patterns of TM030 as function of
anisotropic permittivity of LC. (a) E-plane. (b) H-plane.

Fig. 8. Maximum directivity gain as function of anisotropic permittivity
of LC.

Based on the given physical dimensions of [12], the calcu-
lated normalized radiation patterns of the patch antenna on the
LC substrate are compared with the results of [12], as shown
in Fig. 9. The calculated results well agree with the results
of [12]. Because the calculation uses an infinite size ground
plane, the trivial discrepancy at the E-plane exists between
the calculated results and simulation results of [12]. However,
the calculated results of the H-plane well correspond to the
results of [12]. As expected, with the increase of the bias,
the 3-dB beamwidth increases.
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Fig. 9. Comparison of the measured results of [12] and proposed results of
radiation patterns depending on the bias strength at resonance.

The radiation efficiency except for the reflection efficiency
is already calculated in [12]. The radiation efficiency at 0 and
10 V are 21% and 28%, respectively. The reason why the
radiation efficiency increases as the bias voltage increases is
due to diminish of loss tangent of the LC that is reduced
from 0.12 to 0.02. The calculated maximum directivities of
(13) at 0 and 10 V are 7.0857 and 6.6648 dB, respectively.
Using (14), the corresponding realized gain is 0.5 and 1.15 dB,
respectively. Although the maximum directivity of biased state
is lower than that of no biased state, realized gain increases due
to the radiation efficiency. The broadside realized gain of [12]
at 0 and 10 V is 0.7 and 1.1 dB, respectively. The calculated
results well coincide with the results of [12]. As a result,
it is verified that the proposed model can be the reasonable
model to predict the performance of patch antenna on the LC
substrate.

V. CONCLUSION

An accurate theoretical model for the resonant frequency
and radiation performance of the rectangular patch antenna on
the LC substrate has been introduced and verified. The effect
of the permittivity tensor of the LC substrate to the resonant
frequency was analyzed. The tenser component εz dominantly
affects the resonant frequency, compared with ε⊥. When εz
increases, the resonant frequency decreases. The influence of
ε⊥ on the resonant frequency is slight. However, as the height
of the substrate increases, the influence of ε⊥ on the resonant
frequency increases since effective height changes depending
on ε⊥. The proposed model was compared with the reported
measured and simulation results of the patch antenna on the
LC substrate. We confirmed that the calculated results of the
proposed model were in a good agreement with the reported
results. The maximum error between the calculated results and
reported simulation results is less than 2.8%.

The effect of the properties of the anisotropic substrate
to radiation pattern and maximum directivity was studied.
When εz increases, the 3-dB beamwidth become wider and
directivity decreases. The calculated results of the radiation
pattern and realized gain match the reported results well.
Based on the results, the proposed formula is indeed rea-
sonable enough to derive the resonant frequency, radiation
pattern, and directivity gain of the patch antenna on the
LC substrate.
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